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Abstract—Mobility management is a major challenge for the
wide-spread deployment of millimeter-wave (mmWave) cellular
networks. In particular, directional beamforming in mmWave
devices renders high-speed mobility support very complex. This
complexity, however, is not limited to system design but also the
performance estimation and evaluation. Hence, some have turned
their attention to stochastic modeling of mmWave vehicular
communication to derive closed-form expressions characterizing
the coverage and rate behavior of the network. In this article, we
model and analyze the beam management for mmWave vehicular
networks. To the best of our knowledge, this is the first work that
goes beyond coverage and rate analysis. Specifically, we focus on
a multi-lane divided highway scenario in which base stations and
vehicles are present on both sides of the highway. In addition to
providing analytical expressions for the average number of beam
switching and handover events, we provide design insights for the
network operators to fine-tune their network within the flexibility
provided by the standard in the choice of system parameters,
including the number of resources dedicated to channel feedback
and beam alignment operations.
Index Terms—Millimeter-Wave communication, V2X, 5G NR,
Stochastic Geometry
I. INTRODUCTION
High-throughput connectivity is a necessity for future vehi-
cles to foster support for autonomous driving and to provide
on-board entertainment. The former, in particular, appears to
be highly data-intensive due to the large amount of navi-
gational information (e.g., 3D high-resolution maps) which
are critical for safe driving and efficient traffic management.
The most viable solution to cope with such data-intensive
networks is moving towards communication at millimeter-
wave (mmWave) frequencies. However, the well-known ra-
dio propagation issues at mmWave frequencies require using
highly directional beamforming antennas, which increases
the complexity of mobility management in highly dynamic
networks.
As a consequence of directional beamforming, mmWave
communication requires: (i) beam alignment between the user
and the base station to initialize the connection and (ii)
tracking the user’s movement to provide continuous con-
nectivity. There has been significant research on a plethora
of different techniques for supporting mobility in mmWave
vehicular networks. However, the prevalent techniques for 5G
NR became more clear after the first release of 3GPP 5G NR
specification, which includes the basic operational details of
beamforming in cellular networks.
Motivation. The beam management procedure as defined
in the standard is a complex process consisting of periodic
channel measurement followed by channel state information
(CSI) reports as well as non-periodic procedures triggered by
external events (e.g., handover). Furthermore, 3GPP foresees
a wide configuration range for beam management procedures.
For example, the transmission beamforming has a configurable
periodicity from 5 ms to 160 ms, which clearly presents
a trade-off between system’s agility to channel fluctuations
and bandwidth occupied by the signaling overhead. Hence,
developing methods for computing the achievable network
performance under any given standard-defined configuration
choice is of paramount importance. In particular, in high
mobility vehicular scenarios, the operators require this infor-
mation to meet the designated level of QoS while minimizing
the cost incurred (e.g., number of base stations and operational
expenses).
Challenge. Identifying the network performance in highly
dynamic scenarios is a formidable task due to the multitude
of the variables (e.g., configuration options, network topology,
channel fluctuation rate) in play and their interdependencies.
In recent years, many have resorted to stochastic modeling
of such large complex networks with the goal of computing
the performance as a whole [1]–[3], as opposed to myopic
capacity calculation of a small set of nearby cells. However,
these works concentrate on cellular networks with static users
and without considering the topological particularities native to
vehicular networks. Unlike traditional cellular communication,
there are only a handful of articles on stochastic geometric
modeling of vehicular networks [4]–[10].
Related Work. The body of work on stochastic modeling
of vehicular communication is limited. In [4]–[6], the au-
thors derive the coverage probability and the expression of
rate under different topologies in sub-6 GHz frequencies. In
particular, the authors of [4] focus on an urban grid topology
with 1D Poisson point process (PPP) distribution of vehicles,
whereas the works in [5], [6] model the layout of the roads via
Poisson line processes (PLP). Although PLPs are more holistic
topologically, they do not allow incorporating the impact of
number of lanes, and blockages on the road which are essential
to mmWave communication. In the above-mentioned papers
the conditional Laplacian of the interference is obtained and
the number and distribution of the distances of the interfering
BSs in not investigated.
The works in [7]–[10] focus on modeling coverage and
rate in mmWave vehicular networks. Similar to the above,
the authors of [7] leverage PLP for modeling the streets,
whereas [8]–[10] focus on the multi-lane highway topology.
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These works made key contributions in characterizing cover-
age and rate in mmWave vehicular networks. However, to the
best of our knowledge, the-state-of-the-art do not characterize
the beam switching and handover events and their impact
in highly mobile scenarios, which is a key contributor to
signaling overhead of vehicular networks.
Contributions. Taking the above into account, we model
and analyze the effect of beam management and handover in a
multi-lane divided highway in which the vehicular users (VUs)
and the mmWave BSs are distributed following PPP. To be
more realistic, we allow different distributions for BSs on top
and the bottom side of the highway. Furthermore, the density
of VU process is also non-uniform across different lanes,
similar to real road conditions. The following summarizes our
contributions:
• To the best of our knowledge, this is the first work
to provide an analytical and a statistical framework for
beam management and handover in mmWave vehicular
networks. Prior works [7]–[10] only focused on analysis
of coverage and data rate.
• We characterize the number of beam switching events by
accounting for lateral location of the VU as well as the
blockages caused by larger vehicles on the highway. The
challenge here lies within deriving an accurate statistical
expression for the intricacy of mmWave connectivity.
More specifically, the handover and beam switching
events not only depends on the location of the BS (Top
or bottom of the highway) but also on the sequence and
the direction of the handovers (top to bottom, bottom to
top, etc). As a result, we first provide the analysis for
a highway in which all BSs are deployed at one side
(top or bottom). Leveraging the results obtained for the
one-side deployment, we complete the analysis of beam
switching and handover for a multi-lane divided highway
with two-side BS deployment.
• We provide detailed evaluation to characterize the impact
of beam management on the overall performance of the
network. Furthermore, we demonstrate that our detailed
model allows the network operators to estimate the net-
work performance under several variables including the
density of BSs, vehicular speeds and the beamwidth.
II. 5G NR BEAM MANAGEMENT PRIMER
In this section, we provide a high-level overview of the
3GPP standard on beam management as well as the underlying
parameters. We encourage the interested reader to refer to
a recently published tutorial in [11] or the 3GPP 5G NR
specification in [12]–[14] for the operational details.
Beam management in 5G NR includes two main proce-
dures: (i) initial access in which the UE attempts to establish
a connection with the gNB through a series of beam sweeping
operations, and (ii) UE tracking in which the gNB tunes the
beam alignment to adapt to user mobility and changes in the
environment.
A. Initial Access
Given the directionality of the mmWave links, the gNB
(base station in 5G terminology) and the UE should align
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Fig. 1: A high-level overview of beam management in 5G NR from: (a)
protocol perspective, and (b) radio-frame perspective.
their beams before any communication can take place. Each
mmWave device is shipped with a predefined codebook which
essentially contains a set of predefined beam patterns. To be
able to communicate, the transmitter and the receiver should
go through all beam combinations to achieve the desired
beam alignment. This procedure is better illustrated in Fig. 1a.
During the initial access phase, first the gNB performs a sweep
over all available beams and then the process is repeated at
the UE. After each round, a channel report is exchanged to
identify the beam which resulted in the highest signal-to-noise
ratio (SNR).
From a radio resource control (RRC) point of view, the
initial access can only occur during the synchronization signal
burst (SSB) as shown in Fig. 1b. The duration of the SSB τss
is 5 ms at mmWave frequencies, whereas the periodicity of
the SSBs Tss can take any value in {5, 10, 20, 40, 80, 160} ms.
Each SSB can only accommodate maximum 64 SS blocks
and only one item of the codebook can be tried in each SS
block. For example, if the codebook size of the gNB and UE
are 48 and 12 respectively, the initial access process will take
at least 48×1264 = 9 SSBs. The trade-off here is between the
signaling overhead and the initial access delay. Lowering Tss
results in dedicating a larger part of airtime to the initial access
procedure whereas increasing Tss leads to longer waiting time
for the UE before it can join the network.
B. UE Tracking
The beam alignment achieved during the initial access
procedure is subject to failure, e.g., in case of UE mobility.
The UE tracking procedure is dedicated to accommodate UE
mobility and the challenges associated to it. In 5G NR, the
gNB periodically transmits channel state information reference
signal (CSI-RS). More specifically, the gNB sends the CSI-RS
on a set of beams, so that the UE can evaluate the quality of
the link using other beams. Each CSI-RS can be used for one
beam. Note that during CSI-RS, the UE can also monitors
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Fig. 2: An illustration of the vehicular network under study.
different beams. For example, 20 CSI-RSs are required if
the gNB probes 5 beams from its codebook and the UE
listens to these beams in 4 directions (i.e., 4 beams from UE’s
codebook).
Both the duration of the CSI period Ncsi and its in-
terval Tcsi should be decided by the operators. The Ncsi
depends on the number of beams which are monitored at
the gNB and the UE, while the periodicity can be Tcsi ∈
{5, 10, 20, 40, 80, 160, 320, 640} time slots. Note that the choice
of Ncsi and Tcsi determines how fast the network react to user
mobility as well as how much overhead the network incurs due
to the signaling overhead related to this frequent feedbacks.
III. SYSTEM MODEL
We consider a multi-lane divided highway with NL lanes in
each direction, as shown in Fig. 2. We assume that BSs are
deployed at each side of the road following a one-dimensional
homogeneous Poisson point process (PPP) with density λB.
Let BSt (i) denote the ith BS at the top side and BSb( j)denote
the j th BS at the bottom side of the highway. The vehicular
UEs (VUs) also follow a one-dimensional PPP with density
λv,l on the l th lane. The BSs are equipped with antenna arrays
and are capable of beamforming under the procedure defined
in Section II. Each BS has a fixed-size codebook providing
beam patterns covering all directions. When the connected VU
leaves the coverage area of a beam, either that BS attempts to
provide coverage using an alternative beam in the codebook
or the VU would be in coverage by another BS on the same
or on the other side of the road.
Given the innate propagation characteristic of mmWave fre-
quencies, it is important to account for the possible blockages.
In a vehicular scenario, the source of blockage is often other
larger vehicles (e.g., trucks, buses) on the road. For tractability,
we assume that such vehicles only commute on the right most
lane (N1 in Fig. 2), which is also inline with traffic regulations
for such vehicles. We model these blockages as the one-
dimensional PPP, whose densities differ at the top side and
bottom side of the highway; hence, λt,block and λb,block denote
the density of large vehicles driving on the right most lane on
the top and bottom part of the highway, respectively.
Given the above blockage model, the probability of having
a line-of-sight (LoS) link between a BS and VU is equal
to PL,s = e−τ0λs,block, s ∈ {t, b}, where τ0 is the length of
blockage [15]. Leveraging the thinning theorem for PPPs, the
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Fig. 3: Illustration of the codebook and its mapping on the road.
density of the LoS BSs at the top side of the highway for
vehicles on each lane will be λs,L = λBe
−τ0λs,block , s ∈ {t, b}
[16]. The pathloss component between the typical VU and an
LoS BS with distance r is defined as [17]:
`(r) = Crα, (1)
where α is the pathloss exponent and C is the pathloss gain
at the unit distance.
As mentioned, the BS is capable of beamforming. We
assume that each BS has an orthogonal and a symmetrical
codebook with size N . The orthogonality aims at reducing
interference between beam patterns defined within the code-
book. As shown in Fig. 3a, the orthogonality is defined with
reference to 3dB beamwidth and there is still interference be-
tween beams as discussed in Section III. Assuming a circular
shape around the antenna array (shown with blue-dotted circle
in the figure), the beam patterns in a symmetric codebook are
designed such that the quarters of the circle are symmetrical
(see Fig. 3a). The symmetricity ensures that our analysis is
independent of the orientation of the antenna. Note that we
can derive the number of beam switching events for a non-
symmetrical codebook with a similar calculations, however,
for brevity we did not include those in this article.
Also to maximize link quality, we assume that the users
associate to the BS which provides the best SINR. In our
network, such an association policy entails in choosing the
LoS BS which incurs the lowest pathloss (i.e., the nearest BS).
In the following, we first obtain the average number of beam
switching and handover events for a highway with single-side
deployment of the BSs in Section IV. Next, we extend our
analysis to a double-side deployment scenario in Section V.
Notations: In this paper, we use bold face to refer to
the random variables and regular font for the deterministic
parameters. Also E{x} denote the expectation value of random
variable x and u(.) is the unit step function. Table I reviews
the definitions of the random variables and also the network
parameters.
IV. BEAM SWITCHING AND HANDOVER EVENTS
ANALYSIS FOR THE HIGHWAY WITH SINGLE-SIDE BS
DEPLOYMENT
In this section, we derive the analytical expressions for the
average number of beam switching and handover events in the
above-described vehicular network where BSs are deployed
on one side of a multi-lane divided highway. Under this
3
TABLE I: Table of Notations
SYMBOL NOTATION SYMBOL NOTATION
t Refers to the top side of the highway. a
k
tan( piNc + 2kpiNc )
b Refers to the bottom side of the highway. Ns (ds ) Number of beam switching events, when moving between BSs (i) and BSs (i + 1).
s s ∈ {t, b} Nt b Number of beam switching events, when moving between consecutive BSs, BSt (i) and
BSb (j).
BSs (i) The ith BS at side s of the highway. Nbt Number of beam switching events, when moving between consecutive BSs, BSb (j) and
BSt (i + 1).
bs, i The x-axis coordinate of BSs (i). hs,s′ The handover point between consecutive BSs, BSs (i) and BSs′ (j).
Lh The length of the highway. Nth Number of beam switching events, when moving between bt, i and ht,b .
NL Number of the lanes in each direction of the highway. Nhb Number of beam switching events, when moving between ht,b and bb, j .
λv, l Density of the vehicles on the lth lane. BSNs Average number of beam switching events when BSs deployed on side s.
λs,block Density of blockages on the right most lane of side s. BSN Average number of beam switching events with double-side BS deployment.
τ0 The length of the vehicular blockages. HONs Average number of handover events along the highway with BSs deployed on side s.
C The pathloss gain. HON Average number of handover events along the highway with double side deployed BSs.
α The pathloss exponent. NSt,box Average number of beam switching events between BSt (i) and BSt (i + 1).
λB The density of the BSs at each side of the highway. NHt,box The average number of handover events between BSt (i) and BSt (i + 1).
λs,L The density of the LoS BSs at side s of the highway. Pss′ The probability of handover between BSs (i) and BSs′ (j).
λt,b,L λt,L + λb,L Pss The probability of handover between BSs (i) and BSs (i + 1).
Nc The size of the codebook at each BS. nb . Number of the bottom side BSs between BSt (i) and BSt (i + 1).
ds The distance between BSs (i) and BSs (i + 1). nbv . Number of the bottom side BSs between BSt (i) and BSt (i + 1), which serve the VU.
Ws, l The distance between the BS antenna and center line of the
lth lane.
assumption, in Lemma 1, we calculate the number of beam
switching events for a typical VU (located at the l th lane),
which traverses between two consecutive BSs, BSs(i) and
BSs(i + 1), conditioned on the distance between these two
BSs, i.e. ds , where s ∈ {t, b} and then average the result over
the distribution of ds in Theorem 1. Finally we extend the
result to the entire highway in Corollary 1.
Assuming all BSs are at side s, s ∈ {t, b}, where t refers
to the top and b refers to the bottom side of the road, the
distance between the serving BS antenna and a typical VU at
the l th lane is denoted by Ws,l , see Fig. 3b. We must note that
the symmetricity assumption forces the codebook size to be a
multiple of 4, i.e., Nc = 4K, K ∈ N.
Lemma 1. Assuming that the distance between the serving
BS and the next BS (both on side s ∈ {t, b} of the highway)
is ds , the handover occurs when the VU is located at equal
distance from both BSs. Consequently, the number of beam
switching events, when moving between two neighboring BSs
with distance ds , can be expressed as
Ns(ds) =

0 0 < ds < 2Ws,la0
2 2Ws,la0 < ds < 2Ws,la1
...
2k 2Ws,lak−1 < ds < 2Ws,lak
...
Nc
2 2Ws,la Nc
4 −1
< ds
, (2)
where a
k
= tan( piNc + 2kpiNc ).
Proof: The association policy is minimum pathloss com-
ponent; thus the handover between the two neighboring BSs
happens when the VU is located at equal distance from both
BSs, such as the projection of the VU to the BSs lane is at the
middle of the line connecting the serving BS and the next
BS (i.e., VU fall on the perpendicular bisector of the line
connecting the two serving BSs). Hence the distance between
each BS and the projection of the VU to the BSs lane is ds2 .
As shown in Fig. 3b, we place the x − axis at the middle of
the l th lane and set the projection of the serving BS on this
lane as the point of origin (0,0). Assuming Nc = 4K , the beams
intersect with the half positive of the x − axis at Nc4 points,
on Ws,l tan piNc , Ws,l tan
3pi
Nc
,. . . , Ws,l tan( piNc +
2( Nc4 −1)pi
Nc
), as
shown in Fig.3b). Thus, the number of beam switching events
under the serving BS and prior to the handover point can be
expressed as a function of ds as follows
Num(ds) =

0 0 < ds < 2Ws,la0
1 2Ws,la0 < ds < 2Ws,la1
...
k 2Ws,lak−1 < ds < 2Ws,lak
...
Nc
4 2Ws,la Nc
4 −1
< ds
, (3)
and because of the symmetricity of the scenario between two
neighboring BSs, the number of beam switching events from
the current serving BS to the next serving BS at distance
ds (Ns(ds)) is equal to 2Num(ds) which is presented in the
Theorem.
Next, we relax the conditional distance ds between two
serving BSs and compute the average number of beam switch-
ing events between two neighboring BSs via the following
theorem.
Theorem 1. Assuming that all BSs are located at side i of the
highway, the average number of beam switching events while
the typical VU at the l th traverses from the serving BS to the
next BS within the coverage area1 is
E{Ns(ds)} = 2
Nc
4∑
k=1
exp{−2Ws,lλs,Lak−1 }.
Proof: Computing the expectation over the beam switch-
ing events, we have:
E{Ns(ds)} = 2
∫
x
Ns(x) fds (x)dx = 2
∫ 2Ws, la1
2Ws, la0
fds (x)dx + . . .
1We define the coverage area between two BSs as the portion of the
highway whose limits are the projection of these BSs on the x-axis.
4
+ 2
∫ 2Ws, la Nc
4 −1
2Ws, la Nc
4 −2
(Nc
4
− 1) fds (x)dx + 2
∫ ∞
2Ws, la Nc
4 −1
Nc
4
fds (x)dx
where fds (.) is the probability density function of the distance
between two consecutive points of a PPP with density λs,L ,
and thus fds (x) = λs,Le−λs,L xu(x). Hence, the expectation of
Ns(ds) can be expressed as:
E{Ns(ds)} = 2
Nc
4 −2∑
k=1
k
∫ 2Ws, lak
2Ws, lak−1
λs,Le−λs,L xdx
+
Nc
2
∫ ∞
2Ws, la Nc
4 −1
λs,Le−λs,L xdx
= 2
Nc
4 −2∑
k=1
k
(
exp{−2Ws,lak−1 )} − 2 exp{−2Ws,lak }
)
+
Nc
2
exp{−2Ws,la Nc
4 −1
} = 2
Nc
4∑
k=1
exp{−2Ws,lλs,Lak−1 }
Knowing the average beam switching events between two
neighboring BSs, we can extend the above result to the entire
highway with the following corollary.
Corollary 1. The average number of beam switching events
along the highway can be expressed as
BSNs = 2λs,LLh
Nc
4∑
k=1
exp{−2Ws,lλs,Lak−1 },
where Lh is the length of the highway and ak = tan( piNc + 2kpiNc ).
In addition the average number of the handovers is equal to
HONs = λs,LLh − 1
Proof: The average number of beam switching events
along the highway can be obtained by averaging the sum-
mation of the beam switchings under each serving BS. Con-
sidering nB,s ∼ poiss(Lhλs,L), s ∈ {t, b} as the number of LoS
BSs along each side of the highway, the average number of
beam switching events along the highway would be
BSNs = E{nB,sNs(ds)} = E{nB,s}E{Ns(ds)}
= 2Lhλs,L
Nc
4∑
k=1
exp{−2Ws,lλs,Lak−1 },
where the last equality is obtained from Theorem 1. Note that
while moving along the highway, the VU can only connect to
the LoS BSs. Hence, the average number of handovers is equal
to the average number of LoS BSs minus one
HONs = E{nB,s − 1} = Lhλs,L − 1
(0,0) x L
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Fig. 4: An example scenario illustrating a top to bottom side handover.
V. BEAM SWITCHING AND HANDOVER EVENTS ANALYSIS
FOR THE HIGHWAY WITH DOUBLE-SIDE BS DEPLOYMENT
In this section, we assume that BSs are distributed at both
sides of the highway and VU can be served by BSs on either
side of the highway. We obtain the average number of beam
switching events in this scenario. Note that the VUs are served
by the BSs with nearest distnce on either side of the highway,
that is not blocked. For example, a vehicle on the top side of
the highway can be served by a BS at the bottom side if either
the BS at the bottom is nearer or the nearest BS at the top
side is blocked.
Without loss of generality, we assume that the typical VU is
located at the top side of the highway, i.e., Wt,l < Wb,l . Here,
we consider the beginning of the highway to be the point of
origin and the VU lane as the x-axis, as shown in Fig. 4.
Let bt,1, bt,2, . . . and bb,1, bb,2, . . . be the sequences of x-
axis coordinates of the BSs at the top and the bottom of the
highway, respectively. Note that each coordinate is a point
within a PPP, whose density is denoted by λt,L and λb,L , for
the BS at the top and bottom, respectively.
For tractability, we first look into a section of the highway
which is boxed between two BSs at the top side (i.e., between
BSt (i) and BSt (i + 1)). Corrsponding to this box, there are a
number of BSs on the bottom side of the highway, which are
distributed according to a PPP. Consequently, we first derive
the probability that a typical VU handovers from a top BS
to a bottom one and vice versa (see Lemmas 2 and 3). Then,
considering one BS at the bottom of the highway, we calculate
the average number of beam switching and handover events
from top to bottom and vice versa in Lemma 4. Next, in
Theorem 2, we extend to the case that we have a number of
PPP distributed BSs at the bottom side while the VU traverses
along the considered box. Finally, we generalize the results to
the entire highway in Corollary 2.
Lemma 2. Assuming that bb, j refers to the first BS in the
bottom side of the highway between bt,i and bt,i+1, the
probability of a handover to BSb( j) while the VU traverses
from BSt (i) to BSt (i + 1) can be computed as
Ptb =
∫ ∞
0
(λt,L + λb,L)e−(λt,L+λb,L )(x+
W 2
b, l
−W 2
t, l
x )dx. (4)
Proof: Define ht,t as the handover point between BSt (i)
and BSt (i + 1). As mentioned in Section IV, the handover
occurs when the distance between the VU and the serving
5
E{Ntb} = E{Nbt } =
Nc
4 −1∑
k=0
exp {−λ
t,b,L
(Wb,lak +
√
W2
b,l
a2
k
+W2
b,l
−W2
t,l
}+
+

Nc
4 −
Nc
4 −1∑
k=0
2 exp {−λ
t,b,L
Wt,lak} sinh(λt,b,L
√
W2
t,l
a2
k
+W2
t,l
−W2
b,l
)
√
W2
b,l
−W2
t,l
< Wt,la0
Nc
4 −
Nc
4 −1∑
k=M
2 exp {−λ
t,b,L
Wt,lak} sinh(λt,b,L
√
W2
t,l
a2
k
+W2
t,l
−W2
b,l
) Wt,laM−1 <
√
W2
b,l
−W2
t,l
< Wt,laM
∀M = 0, . . . , Nc4 − 1
Nc
4
√
W2
b,l
−W2
t,l
> Wt,la Nc
4 −1
(8)
BS is equal to the distance between the VU and the next LoS
BS. Hence,
ht,t = (bt,i + bt,i+1)/2. (5)
Let us denote ht,b as the point of the handover between
BSt (i) and BSb( j). Since (ht,b −bt,i)2 +W2t,l = (bb, j −ht,b)2 +
W2
b,l
, we can calculate ht,b as
ht,b =
W2
b,l
−W2
t,l
+ (bb, j − bt,i)(bb, j + bt,i)
2(bb, j − bt,i) (6)
Furthermore, the probability of a handover to BSb( j) while
the VU traverses from BSt (i) to BSt (i+1) is equivalent to the
probability that ht,b is before ht,t , i.e., ht,b < ht,t (see Fig. 4).
So considering (5) and (6),
Ptb=P
{
ht,b <ht,t
}
=P
{
(bt,i+1−bb, j)(bb, j − bt,i) > W2b,l −W2t,l)
}
Let us define x = bt,i+1−bb, j and y = bb, j −bt,i . Then x and y
are both i.i.d. random variables which follow an exponential
distribution with density λt,L + λb,L . So Ptb is expressed as:
Ptb =P
{
xy > W2b,l −W2t,l
}
=
∫ ∞
0
∫ ∞
W 2
b, l
−W 2
t, l
x
fxy(x, y)dydx
=
∫ ∞
0
(λt,L + λb,L)e−(λt,L+λb,L )(x+
W 2
b, l
−W 2
t, l
x )dx
Lemma 3. Assume that bb, j+1 falls between bb, j and bt,i+1.
Then, the probability of a handover to BSt (i) while traversing
from the BSb( j) to BSb( j + 1) is equal to
Pbt = 1 −
∫ ∞
0
(λt,L + λb,L)e−(λt,L+λb,L )(x+
W 2
b, l
−W2
t, l
x )dx, (7)
Proof: The proof is omitted due to the similarity to the
proof of Lemma 2.
Lemma 4. The average number of beam switching events for
a typical VU which handovers from a top side BS to a bottom
side BS (i.e., the interval of bt,i to bb, j in Fig.4) is given
by Eq. (8), where ak = tan( piNc + 2kpiNc ), λt,b,L = λt,L + λb,L .
The same expression can be used if the VU handovers from a
bottom side BS to a top one.
Proof: See Appendix A.
Theorem 2. Considering a section of the highway enclosed
between two neighboring BSs at the top of the highway with
distance dt , the average number of beam switching events
NSt,box and the average number of handovers events NHt,box
while the typical VU moves along the road restricted in this
box are respectively equal to
E{NSt,box} = λt,L
λ
t,b,L
Nc
4 −1∑
k=0
e−2Wt, lλt,b,L ak
+ Ptt
2∑
m=1
Nc
4 −1∑
k=0
λt,Lλb,L(2Wt,lak )2−m
(2 − m)!(λ
t,b,L
)m e
−2Wt, lλt,b,L ak
+
λt,Lλb,L
(λ
t,b,L
)2 Ptb(E{Ntb} + E{Nbt })
+
∞∑
n
b
=2
n
b
+1∑
m=1
Nc
4 −1∑
k=0
(Ptt )nb λt,L(λb,L)nb (2Wt,lak )nb−m+1
(n
b
− m + 1)!(λ
t,b,L
)m e
−2Wt, lλt,b,L ak
+
∞∑
n
b
=2
λt,L(λb,L)nb
(λ
t,b,L
)nb+1
[(
E{Ntb} + E{Nbt }
)
( nb−1∑
n=1
Pn−1tt PtbPbt + P
n
b
−1
tt Ptb
)
+
n
b
−1∑
ns=2
(
E{Ntb} + (ns − 1)E{Nb(db)} + E{Nbt }
)
( nb−ns∑
n=1
Pn−1tt PtbP
ns−1
bb
Pbt + P
n
b
−ns
tt PtbP
ns−1
bb
)
+
(
E{Ntb} + (nb − 1)E{Nb(db)} + E{Nbt }
)
PtbP
n
b
−1
bb
]
(9)
and
E{NHt,box} = λt,L
λ
t,b,L
+ Ptt
λt,Lλb,L
(λ
t,b,L
)2
+ 2Ptb
λt,Lλb,L
(λ
t,b,L
)2 +
∞∑
n
b
=2
(Ptt )nb λt,L(λb,L)
n
b
(λ
t,b,L
)nb+1
+
∞∑
n
b
=2
λt,L(λb,L)nb
(λ
t,b,L
)nb+1
[
2
( nb−1∑
n=1
Pn−1tt PtbPbt + P
n
b
−1
tt Ptb
)
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Fig. 5: The analysis and simulation of the average number of beam switching events versus the beamwidth and the density of the BSs for double-side
deployment, i.e., (a) and (b), as well as single-side deployment, i.e., (c) and (d).
+
n
b
−1∑
ns=2
(
1 + ns
) ( nb−ns∑
n=1
Pn−1tt PtbP
ns−1
bb
Pbt + P
n
b
−ns
tt PtbP
ns−1
bb
)
+
(
n
b
+ 1
)
PtbP
n
b
−1
bb
]
(10)
where ak = tan( piNc + 2kpiNc ), λt,b,L = λt,L + λb,L , Ptb is as
derived in lemma 2, Pbt is given in lemma 3, Ptt = 1 − Ptb ,
and Pbb = 1 − Pbt . Moreover, E{Ntb} and E{Nbt } are given
in lemma 4 and E{Nb(db)} is given in Theorem 1.
Proof: See Appendix B.
Corollary 2. The average number of beam switching events
and the average number of handover events for the typical VU
driving on the l th lane at the top side of the highway could be
expressed as
BSN = λt,LLhE{NSt,box}
and
HON = (λt,LLh − 1)E{NHt,box},
where λt,L is the density of LoS BSs at the top side of the
highway, Lh is the length of the highway, and E{NSt,box} and
E{NSt,box} are given in Theorem2.
Proof: Let nB, t be the number of LOS BSs at the top side
of the highway, which is distributed according to a Poisson
distribution with density λt,LLh , then thenumber of beam
switching and handover events along the highway, respectively
would be
BSN = E{nB, t }E{NSt,box} = E{nB, t }E{NSt,box} =
Lhλt,LE{NSt,box}.
and
HON = (E{nB, t } − 1)E{NHt,box} = (Lhλt,L − 1)E{NHt,box}
VI. EVALUATION
In this section, we evaluate the performance of mmWave
vehicular communication under high mobility. In particular,
we study the system performance in terms of number of
beam switching events, the signaling overhead, and beam
sojourn time. Furthermore, we verify the accuracy of our
analyses by providing both numerical evaluation and Monte-
Carlo simulation for the every scenario under study. In our
evaluation, we consider a 4-lane divided highway, in which the
right lanes on each direction are dedicated to large vehicles,
as shown in Fig. 2. Table II provides the default values for the
simulations and numerical evaluations.
A. beam switching analysis
In this section, we investigate impact of beamwidth and BS
density on the average number of the beam switching events.
In Fig. 5, we show how the number of beam switching
events is impacted by the beamwidth (see Fig. 5a) and the
density of BSs (see Fig. 5b) on a double-side deployment
along the highway. Fig. 5a demonstrates that the number of the
beam switching events is inversely related to the beamwidth
at the BSs. This is expected since the coverage area of a
beam is effectively reduced as the beam get narrower. Fig. 5b
shows that the beam switching events become more frequent in
denser networks. The densification’s impact is twofold: (i) the
number of handover events increases with the number of BSs,
and (ii) the number of beam switching events also increases
since the densifications leads to selection of the beams that
cover smaller areas of the road which also provide lower
pathloss. We will elaborate on this further in Section VI-B.
Note the slight deviation between simulation and analysis in
Fig. 5b. The deviation stems from the approximation of the
Erlang distribution by an exponential one in Section V, where
we extended the derivations of the single-side deployment to
the double-side deployment. This is confirmed by looking at
TABLE II: Simulation and analysis parameters
Parameter Value
System Bandwidth 1GHz
Transmit power 27dBm
Thermal noise −174 dBm/Hz
Carrier Frequency ( f ) 28GHz
LS Pathloss Component (C) [] 20 log10(4pi f /c)dB
Antenna height 10m
The width of each highway lane 3.7m
The length of the highway (Lh ) 10km
The number of the highway lanes (NL ) 4
The number of blockage highway lanes 2
The number of VN highway lanes 2
The density of the VNs in each lane (λv, l ∀l) 1 per km
The density of the blockages in each lane 0.1 per km
The length of each blockage(τ0) 9m
The SSB duration (τss ) 5ms
The symbol duration (τsym) 0.125ms
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Fig. 6: The analysis and simulation of the TCR versus: (a) the density of the BSs, (b) the speed of the vehicles, and (c) the beamwidth.
the results in Figs. 5d and 5c, where we observe that the
analysis and simulations are completely matching.
B. Beam training overhead
Beam management can induce significant overhead to
mmWave networks because the time spent in beam alignment
effectively reduces the available time for data communication.
To this aim, in this subsection, we introduce the training
to connectivity ratio (TCR) metric which is in essence an
indicator of the portion of the time spent on beam alignment
in reference to the total connectivity time, that is the time
allocated to actual data communication. The following is the
formal definition of TCR, based on the description provided
in Section II:
TCR =
Tho + Tbswitch
LhV − (Tho + Tbswitch), (11)
where V is the speed of the VU, and Tho and Tbswitch are
the total time spent for beam sweeping after each handover
between BSs and after moving from the coverage area of one
beam to the other, respectively. Both values can be computed
as follows [11]:
Tho[ms] = |ho| × ( |codebookbs | × |codebookvu |64 × τss),
(12)
where |ho| is the number of handovers, and |codebookvu |
and |codebookvu | are the codebook size of the BS and VU,
respectively. Finally, τss is the duration of synchronization
signal burst as defined in Section II.
Tbswitch[ms] =|bswitch|× (13)
(|codebookbs | × |codebookvu | × τsym)
where |bswitch| is the number of handover events and τsym is
the duration of an OFDM symbol. Having defined TCR, we
now elaborate on the impact of BS density, vehicular speed,
and beamwidth in Figs. 6.
Fig. 6a shows the value of TCR versus the density of the
BSs under 5◦ beamwidth. Here we observe two general trends:
(i) TCR increases with BS density, and (ii) TCR grows with
speed of the VU. As the density of BS grows, the number
of the handover and beam switching points also grows, but
it is not intuitively apparent which one contributes more to
the overall overhead. Our evaluation results demonstrate that
on average in all cases ∼ 90% of the total overhead is due to
beam switching. Of course, as mentioned in Section VI-A. the
number of handovers increases with the BS density. However,
the densification also leads to the use of beams which are
closer to the BS and provide smaller coverage area but higher
SNR. This is better observed in Fig. 3b. We can see in the
figure that the beam intersecting with the x-axis at Wi,la0
provides smaller coverage area than Wi,la1 , that is, the vehicles
are mostly served by beams which are (almost) perpendicular
to the highway as opposed to those that cover the corners. The
speed, on the other hand, reduces the time spent in coverage
of each BS and every beam. However, the time required for
beam alignment does not decrease with the speed. Hence, we
see higher TCR values at higher vehicular speeds, see Fig. 6b.
Last, we observe how beamwidth affects the TCR in Fig. 6c.
It can be seen that the TCR reduction with beamwidth is
non-linear, which is similar to the behavior observed for BS
density and speed. It should be noted that overhead of beam
management can easily reach to 10% that is a large burden on
the operators networks if not carefully planned.
C. Design insights
As mentioned, the 3GPP specification leaves selection of
many parameters to the operators. In this section, we demon-
strate how our analysis can be used to make suitable design
choices.
In Fig. 7, we illustrate the average sojourn time of the VU
in each beam versus the beamwidth of the BSs. We define
sojourn time as the time a vehicle stays within the coverage
of a beam. Recall that the periodicity of the beam sweeping
(Tss) and CSI-RS reports (Tcsi) is left to the network operators
to decide. Knowing the average sojourn time, the operators
can derive suitable values for these parameters. As a rule of
thumb, the frequency of beam alignment should be less than
the beam sojourn time, otherwise, the vehicles may transition
from one beam to the other before the system can detect the
misalignment, that eventually renders the mmWave connection
very intermittent.
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Fig. 7: The analysis and simulation of the average sojourn time versus beamwidth of the BSs for speeds 30, 60, 120 km/h (a): λB = 5. (b): λB = 10, (c):
λB = 20
Focusing on the results of beam sojourn evaluation, we can
see that: (i) the beam sojourn time reduces as the BS density
increases, (ii) the beam sojourn time reduces as the speed
grows, and (iii) the sojourn time grows with the beamwidth.
These figures emphasize on the required network agility for
high mobility scenarios. For example, the average sojourn time
of 78 ms demands for very frequent beam sweeping and CSI-
RS reports to ensure that the mmWave connectivity remains
uninterrupted.
It should be also noted that the TCR results in Fig. 6
are helpful to network operators for link budget estimation.
Knowing the TCR, the operators can estimate the effective
capacity of the network for a given deployment density with
relation to the typical mobility speed of the vehicles in that
area. Note that the overhead of beam management can vary
up to 80% in different vehicular speeds (see Fig. 6b), which
significantly affects the network planning.
VII. CONCLUSION
In this article, we have provided a stochastic geometry-
based framework to analyze beam management in mmWave
vehicular networks. In particular, we have derived several
closed-form expressions for the number of beam switching
and handover events. Via extensive evaluation, we have pro-
vided a thorough picture of major impacting factor on beam
management. We have studied the overall system overhead as
well as the beam sojourn time. Using this results, we provided
design insights which can be leveraged for selection of suitable
standard defined parameters.
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APPENDIX A
THE PROOF OF LEMMA 4
The amount of Ntb is equal to the number of beam switch-
ing events from BSt (i) to the handover point (Nth) plus the
number of beam switching events from the handover point to
BSb( j) (Nhb). Thus, we split this problem to two parts where
in the first part the average of Nth is computed and then in the
second part we derive the average of Nhb . We define ht,b as the
point of the handover between BSt (i) and BSb( j). Moreover,
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we define dt
h
= ht,b − bt,i and dbh = bb, j − ht,b (Fig.8), thus
similar to the proof of lemma 1 one can proof that,
Nth =

0 0 < dt
h
< Wt,la0
1 Wt,la0 < dth < Wt,la1
...
k Wt,lak−1 < dth < Wt,lak
...
Nc
4 Wt,la Nc
4 −1
< dt
h
(14)
and
Nhb =

0 0 < db
h
< Wb,la0
1 Wb,la0 < dbh < Wb,la1
...
k Wb,lak−1 < dbh < Wb,lak
...
Nc
4 Wb,la Nc
4 −1
< db
h
(15)
where ak = tan( piNc + 2kpiNc ).
1) Evaluation of E{Nth}: Using (6), we have
dth =
W2
b,l
−W2
t,l
2(bb, j − bt,i) +
bb, j − bt,i
2
. (16)
We define x = bb, j − bt,i , thus x ∼ exp(λt,b,L ), where λt,b,L =
λt,L + λb,L , therefore
fdt
h
(y) = λ
t,b,L
( y√
y2 +W2
t,l
−W2
b,l
+ 1)
e−λt,b,L (y+
√
y2+W 2
t, l
−W 2
b, l
)u(y −
√
W2
b,l
−W2
t,l
)
+ λ
t,b,L
( y√
y2 +W2
t,l
−W2
b,l
− 1)
e−λt,b,L (y−
√
y2+W 2
t, l
−W 2
b, l
)u(y −
√
W2
b,l
−W2
t,l
)
(17)
b t , i
BSt(i)
b b , jh t, b
BSb(j)
dh
t
dh
b
Fig. 8: An example scenario illustrating the loctaion of top to bottom side
handover point.
where λ
t,b,L
= λt,L + λb,L . So
E{Nth} =
∫
Nth(y) fdt
h
(y)dy =∫ ∞√
W 2
b, l
−W 2
t, l
Nth(y)
(
λ
t,b,L
( y√
y2 +W2
t,l
−W2
b,l
+ 1) (18)
e−λt,b,L B(y+
√
y2+W 2
t, l
−W 2
b, l
)
+ λ
t,b,L
( y√
y2 +W2
t,l
−W2
b,l
− 1) (19)
e−λt,b,L (y−
√
y2+W 2
t, l
−W 2
b, l
))dy.
Considering (14), we would have multi states for E{Nth}, i.e.,
E{Nth} is a piecewise function of Wt,l and Wb,l .
• If
√
W2
b,l
−W2
t,l
< Wt,la0 :
E{Nth} =
Nc
4 −1∑
k=1
k
∫ Wt, lak
Wt, lak−1(
λ
t,b,L
( y√
y2 +W2
t,l
−W2
b,l
+ 1)
e−λt,b,L (y+
√
y2+W 2
t, l
−W 2
b, l
)
+ λ
t,b,L
( y√
y2 +W2
t,l
−W2
b,l
− 1)
e−λt,b,L (y−
√
y2+W 2
t, l
−W 2
b, l
))dy
+
Nc
4
∫ ∞
Wt, la Nc
4 −1
(
λ
t,b,L
( y√
y2 +W2
t,l
−W2
b,l
+ 1)
e−λt,b,L (y+
√
y2+W 2
t, l
−W 2
b, l
)
+ λ
t,b,L
( y√
y2 +W2
t,l
−W2
b,l
− 1)
e−λt,b,L (y−
√
y2+W 2
t, l
−W 2
b, l
))dy
=
Nc
4 −1∑
k=1
k
[
e−λt,b,L (y+
√
y2+W 2
t, l
−W 2
b, l
)]Wt, lak−1
Wt, lak
+
+
Nc
4
[
e−λt,b,L (y+
√
y2+W 2
t, l
−W 2
b, l
)]Wt, la Nc
4 −1
∞
+
+
Nc
4 −1∑
k=1
k
[
e−λt,b,L (y−
√
y2+W 2
t, l
−W 2
b, l
)]Wt, lak
Wt, lak−1
+
+
Nc
4
[
e−λt,b,L (y−
√
y2+W 2
t, l
−W 2
b, l
)]∞
Wt, la Nc
4 −1
=
Nc
4
− 2
Nc
4 −1∑
k=0
(
e−λt,b,LWt, lak
sinh(λ
t,b,L
√
W2
t,l
a2
k
+W2
t,l
−W2
b,l
)
)
where the last equality is resulted by rearranging the state-
ments.
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• If Wt,laM−1 <
√
W2
b,l
−W2
t,l
< Wt,laM for one M ∈
{1, . . . , Nc4 − 1},
E{Nth} = M
∫ Wt, laM√
W 2
b, l
−W 2
t, l(
λ
t,b,L
( y√
y2 +W2
t,l
−W2
b,l
+ 1)e−λt,b,L (y+
√
y2+W 2
t, l
−W 2
b, l
)
+ λ
t,b,L
( y√
y2 +W2
t,l
−W2
b,l
− 1)e−λt,b,L (y−
√
y2+W 2
t, l
−W 2
b, l
))dy+
+
Nc
4 −1∑
k=M+1
k
∫ Wt, lak
Wt, lak−1(
λ
t,b,L
( y√
y2 +W2
t,l
−W2
b,l
+ 1)e−λt,b,L (y+
√
y2+W 2
t, l
−W 2
b, l
)
+ λ
t,b,L
( y√
y2 +W2
t,l
−W2
b,l
− 1)e−λt,b,L (y−
√
y2+W 2
t, l
−W 2
b, l
))dy+
Nc
4
∫ ∞
Wt, la Nc
4 −1(
λ
t,b,L
( y√
y2 +W2
t,l
−W2
b,l
+ 1)e−λt,b,L (y+
√
y2+W 2
t, l
−W 2
b, l
)
+ λ
t,b,L
( y√
y2 +W2
t,l
−W2
b,l
− 1)e−λt,b,L (y−
√
y2+W 2
t, l
−W 2
b, l
))dy
=
Nc
4
−
Nc
4 −1∑
k=M
2e−λt,b,LWt, lak sinh(λ
t,b,L
√
W2
t,l
a2
k
+W2
t,l
−W2
b,l
)
where the last equality is resulted by solving the integrals
similar to the previous state.
• Finally, if
√
W2
b,l
−W2
t,l
> Wt,la Nc
4 −1:
E{Nth} =
∫ ∞√
W 2
b, l
−W 2
t, l(
λ
t,b,L
( y√
y2 +W2
t,l
−W2
b,l
+ 1)e−λt,b,L (y+
√
y2+W 2
t, l
−W 2
b, l
)
+ λ
t,b,L
( y√
y2 +W2
t,l
−W2
b,l
− 1)e−λt,b,L (y−
√
y2+W 2
t, l
−W 2
b, l
))dy
=
Nc
4
[
e−λt,b,L (y+
√
y2+W 2
t, l
−W 2
b, l
)]√W 2b, l−W 2t, l
∞
+
Nc
4
[
e−λt,b,L (y−
√
y2+W 2
t, l
−W 2
b, l
)]∞√
W 2
b, l
−W 2
t, l
=
Nc
4
2) Evaluation of E{Nhb}: We defined dbh = bb, j − ht,b , then
using (6), we have
dbh = −
W2
b,l
−W2
t,l
2(bb, j − bt,i) +
bb, j − bt,i
2
(20)
Now defining x = bb, j − bt,i (where x ∼ exp(λt,b,L ) ) we have
f
db
h
(y) =
λ
t,b,L
( y√
y2 +W2
b,l
−W2
t,l
+ 1)e−λt,b,L (y+
√
y2+W 2
b, l
−W 2
t, l
)u(y)
(21)
Thus
E{Nhb} =
Nc
4 −1∑
k=1
k
∫ Wb, lak
Wb, lak−1
λ
t,b,L
( y√
y2 +W2
b,l
−W2
t,l
+ 1)e−λt,b,L (y+
√
y2+W 2
b, l
−W 2
t, l
)dy
+
∫ ∞
Wb, la Nc
4 −1
Nc
4
λ
t,b,L
( y√
y2 +W2
b,l
−W2
t,l
+ 1)
e−λt,b,L (y+
√
y2+W 2
b, l
−W 2
t, l
)dy
=
Nc
4 −1∑
k=1
k
[
e−λt,b,L (y+
√
y2+W 2
b, l
−W 2
t, l
)]Wb, lak
Wb, lak−1
+
Nc
4
[
e−λt,b,L (y+
√
y2+W 2
b, l
−W 2
t, l
)]∞
Wb, la Nc
4 −1
=
Nc
4 −1∑
k=0
e−λt,b,L (Wb, lak+
√
W 2
b, l
a2
k
+W 2
b, l
−W 2
t, l
)
Considering that E{Ntb} = E{Nth} + E{Nhb}, (8) is obtained.
Similarly, could be proved that E{Nbt} is also equal to (8).
APPENDIX B
THE PROOF OF THEOREM 2
Assume that bb, j, . . . , bb, j+n
b
−1 are between bt,i and bt,i+1,
and n
b
∼ poiss(λb,Ldt ), where dt is the distance of bt,i to
bt,i+1. In this appendix we calculate the number of beam
switching events ( NSt,box) and the number of handovers
events, NHt,box, while the typical VU moves through the
coverage area between BSt (i) and BSt (i + 1).
We define n
bv
to be the number of the BSs on the bottom
side of the highway which serve the VU during the movement
from bt,i to bt,i+1, thus nbv ∈ {0, . . . , nb }, and so
NSt,box(nbv , nb , dt ) =
Nt (dt ) nb ≥ 0, nbv = 0
(E{Ntb} + E{Nbt }) nb = 1, nbv = 1
(E{Ntb} + (nbv − 1)E{Nb(db)}+
E{Nbt }) nb ≥ 2, 1 ≤ nbv ≤ nb
Moreover, n
b
∼ poiss(λb,Ldt ) and bt,1, bt,2, . . . are the points
of a PPP with density λt,L , thus dt ∼ exp(λt,L) and then the
average of NSt,box(nbv , nb , dt ) is as follows
E{NSt,box}
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= Edt {Enb {Enbv {NSt,box |nb = nb, dt = r}}}
=
∫ ∞
0
∞∑
n
b
=0
En
bv
{NSt,box |nb = nb , dt = r}
e−λb,Lr (λb,Lr)nb
n
b
!
λt,Le−λt,Lrdr (22)
On the other hand considering lemma 3 and lemma 2, the
conditional probability function of n
bv
is as Table III (for the
deteails of derivations refer to Fig. 9), where Ptb and Pbt are
as defined in lemma 2 and lemma 3, Ptt = 1− Ptb and Pbb =
1 − Pbt . We should say that for simplicity, we approximate
the distribution of the distance between two non-consecutive
points by the Exponential distribution, rather than the Erlang
distribution.
Thus,
En
bv
{NSt,box |nb = nb , dt = r} = (23)
Nt (r) nb = 0
Nt (r)Ptt + (E{Ntb} + E{Nbt })Ptb nb = 1[
Nt (r)Pnbtt +
(
E{Ntb}+ nb ≥ 2
E{Nbt }
) ( n
b
−1∑
n=1
Pn−1tt PtbPbt + P
n
b
−1
tt Ptb
)
+
n
b
−1∑
n
bv
=2
(
E{Ntb} + (nbv − 1)E{Nb(db)}+
E{Nbt }
)( n
b
−n
bv∑
n=1
Pn−1tt PtbP
n
bv
−1
bb
Pbt + P
n
b
−n
bv
tt PtbP
n
bv
−1
bb
)
+(
E{Ntb}+
(n
b
− 1)E{Nb(db)} + E{Nbt }
)
PtbP
n
b
−1
bb
]
Consequently, employing (22) and (23), we have
E{NSt,box}
Fig. 9: The state machine of the handover events. The solid lines and the
dashed lines respectively refer to handover to the BSs at the top side and
bottom side of the highway.
=
∫ ∞
0
λt,LNt (r)e−λt,b,L rdr
+ Ptt
∫ ∞
0
λt,Lλb,LrNt (r)e−λt,b,L rdr
+ (E{Ntb} + E{Nbt })Ptb
∫ ∞
0
λt,Lλb,Lre
−λ
t,b,L
rdr
+
∞∑
n
b
=2
P
n
b
tt
∫ ∞
0
λt,L(λb,L)nb rnbNt (r) e
−λ
t,b,L
r
n
b
!
dr
+
∞∑
n
b
=2
[ [(
E{Ntb} + E{Nbt }
) ( nb−1∑
n=1
Pn−1tt PtbPbt + P
n
b
−1
tt Ptb
)
(24)
+
n
b
−1∑
n
bv
=2
(
E{Ntb} + (nbv − 1)E{Nb(db)} + E{Nbt }
)
( nb−nbv∑
n=1
Pn−1tt PtbP
n
bv
−1
bb
Pbt + P
n
b
−n
bv
tt PtbP
n
bv
−1
bb
)
+(
E{Ntb} + (nb − 1)E{Nb(db)} + E{Nbt }
)
PtbP
n
b
−1
bb
]
∫ ∞
0
λt,L(λb,L)nb rnb e
−λ
t,b,L
r
n
b
!
dr
]
Now it is sufficient that we solve the following integrals:∫ ∞
0
λt,LNt (r)e−λt,b,L rdr (25)∫ ∞
0
λt,L(λb,L)nb rnbNt (r) e
−λ
t,b,L
r
n
b
!
dr (26)∫ ∞
0
λt,L(λb,L)nb rnb e
−λ
t,b,L
r
n
b
!
dr (27)
1) Evaluation of (25):∫ ∞
0
λt,LNt (r)e−λt,b,L rdr =
=
Nc
4 −1∑
k=1
k
∫ 2Wt, lak
2Wt, lak−1
λt,Le
−λ
t,b,L
rdr
+
Nc
4
∫ ∞
2Wt, la Nc
4 −1
λt,Le
−λ
t,b,L
rdr
=
λt,L
λ
t,b,L
Nc
4 −1∑
k=0
e−2Wt, lλt,b,L ak (28)
2) Evaluation of (26):∫ ∞
0
λt,L(λb,L)nb rnbNt (r) e
−λ
t,b,L
r
n
b
!
dr =
=
(λb,L)nb λt,L
n
b
!
( Nc4 −1∑
k=1
k
∫ 2Wt, lak
2Wt, lak−1
rnb e−λt,b,L rdr
+
∫ ∞
2Wt, la Nc
4 −1
Nc
4
e−λt,b,L rdr
)
=
(λb,L)nb λt,L
n
b
!
( Nc4 −1∑
k=1
k
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TABLE III: The Conditional probability function of n
bv
ns 0 1 2 ≤ nbv ≤ nb − 1 nbv = nb ≥ 2
P{n
bv
= n
bv
|n
b
= 0} 1 0 0 0
P{n
bv
= n
bv
|n
b
= 1} Pt t Pt b 0 0
P{n
bv
= n
bv
|n
b
= n
b
≥ 2} Pnbt t
nb −1∑
n=1
Pn−1t t Pt bPbt + P
nb −1
t t Pt b
nb −nbv∑
n=1
Pn−1t t Pt bP
nbv −1
bb
Pbt + P
nb −nbv
t t Pt bP
nbv −1
bb
Pt bP
nb −1
bb
[ nb+1∑
m=1
n
b
!r (nb−m+1)(−1)(m−1)e−λt,b,L r
(n
b
− m + 1)! (
−1
λ
t,b,L
)m
]2Wt, lak−1
2Wt, lak
+
Nc
4
[ nb+1∑
m=1
n
b
!r (nb−m+1)(−1)(m−1)e−λt,b,L r
(n
b
− m + 1)! (29)
( −1
λ
t,b,L
)m
]∞
2Wt, la Nc
4 −1
)
= λt,L
n
b
+1∑
m=1
Nc
4 −1∑
k=0
(λb,L)nb (2Wt,lak )nb−m+1
(n
b
− m + 1)!(λ
t,b,L
)m e
−2Wt, lλt,b,L ak
3) Evaluation of (27):∫ ∞
0
λt,L(λb,L)nb rnb e
−λ
t,b,L
r
n
b
!
dr
=
λt,L(λb,L)nb
n
b
!
∫ ∞
0
rnb e−λt,b,L rdr
=
λt,L(λb,L)nb
n
b
!
[
(−1)nb n
b
!
( −1
λ
t,b,L
)n
b
+1e−λt,b,L r
]∞
0
= −λt,L(λb,L)
n
b e−2λt,b,L
(λ
t,b,L
)nb+1
∞
0
=
λt,L(λb,L)nb
(λ
t,b,L
)nb+1 (30)
Now, substituting (28), (29) and (30) in (24), equation (9)
would be resulted.
In order to obtain E{NHt,box} it is sufficient that in (24) we
substitute Ntb , Nbt , Nb(db) and Nt (dt ) by 1 then using (27),
equation (10) would be resulted.
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